It has been demonstrated by virologists that, when procedural difficulties can be overcome and host variation can be eliminated, dosage-response data from virus assays conform with the one-particle theory of infection for both plaque counts and tissue cultures. Based on this theory, the number of virus particles from quantal virus assays can be estimated. Here a set of tables is presented from which the number of estimated particles can be obtained directly for several dilution factors and a number of dilution levels. Maximum likelihood estimation of particle counts is also illustrated using a computer program perimental error was well within that expected when procedural difficulties were overcome and host variability was eliminated (3). The same was shown to hold for numerous animal viruses as well. Since not all animal viruses exhibit plaque formation on monolayer tissue cultures and reliance must be placed on the observation of cytopathogenic changes in tissue culture tubes, Chang et al. (2) carried out a study to confirm the belief that the dilution-response relationship observed in monolayer cultures would hold for conventional tissue culture tubes by employing the MPN technique. They found that the dose-response data were quantitatively reproducible and in conformity with the one-particle theory. Thus, it has been shown to be possible to express the results of virus determinations by methods which have the quantitative sense to indicate "how many organisms" are involved in the infective process (15) 
It has been demonstrated by virologists that, when procedural difficulties can be overcome and host variation can be eliminated, dosage-response data from virus assays conform with the one-particle theory of infection for both plaque counts and tissue cultures. Based on this theory, the number of virus particles from quantal virus assays can be estimated. Here a set of tables is presented from which the number of estimated particles can be obtained directly for several dilution factors and a number of dilution levels. Maximum likelihood estimation of particle counts is also illustrated using a computer program that we have prepared.
Quantitative methods as applied to quantal virus assays include two main methods of expressing the results of such assays. [The use of plaque counts is a related method which can be treated by the comparison of two observed Poisson variates (5) .] One is the median lethal dose (LD,0) [median effective (ED50) or median infective (ID,,) dose] method which estimates the dilution that would give 50% positive and 50% negative responses, and expresses the titers in multiples of the 50% lethal (effective or infective) dose. A method commonly used to determine LD50, especially in the titration of antiviral assays, is the Reed-Muench method. The per cent of positive responses is calculated, not from the actual frequencies for various dilutions, but from the "accumulated sums" of positive and negative responses. The LD,0 is then obtained by interpolation.
The second major method, the most probable number (MPN) method is based on the theory of Poisson distribution of small numbers. The dilutions of virus concentrate are considered samples of the original virus population present in the inoculum, and an estimate of the population is based on a sample.
Chang et al. (2) and Luria (10) discuss the advantages and disadvantages of LD50 and MPN methods and the model requirements justifying their applicability. In particular, Chang et al. (2) cite a number of controversies regarding the justification of the use of the MPN method in virus titration by host inoculation. They found in a statistical study of plaque counts of bacterial viruses that the experimental error was well within that expected when procedural difficulties were overcome and host variability was eliminated (3). The same was shown to hold for numerous animal viruses as well. Since not all animal viruses exhibit plaque formation on monolayer tissue cultures and reliance must be placed on the observation of cytopathogenic changes in tissue culture tubes, Chang et al. (2) carried out a study to confirm the belief that the dilution-response relationship observed in monolayer cultures would hold for conventional tissue culture tubes by employing the MPN technique. They found that the dose-response data were quantitatively reproducible and in conformity with the one-particle theory. Thus, it has been shown to be possible to express the results of virus determinations by methods which have the quantitative sense to indicate "how many organisms" are involved in the infective process (15) We assume that the distribution of numbers of organisms in liquid is Poissonian and that from it we can make quantal determinations, i.e., response or no response types. The dose at which one-half of the subjects respond is the ED,0 by definition. At this dose the probability that X = 0, that is, P (X = 0), must equal 0.5. Because the model postulates a Poisson distribution, P (X = 0) equals e-m, the first term in the expansion of the Poisson. From the equation e-m = 0.5, the solution m = 0.69 follows. Therefore, at ED50, the number of organisms must always equal 0.69. For example, assume we have a fivefold dilution series from which we determine m to be 1,000 at log dose 4.1. It follows that m = 200 at log dose 4.8, m = 40 at log dose 5.5, and so on, as may be seen from Table 1 . To find ED50, we must look for the log dose which corresponds to m = 0.69. From Table 1 , we see that m = 0.69 lies between m = 1.6 and m = 0.32; on the corresponding log dose scale we have the values 6.9 and 7.6, respectively. Therefore, by interpolation we find that ED50, which must lie between these values, is about 7.2.
MODEL FOR ESTIMATING NUMBER
OF PARTICLES The model for a dilution assay postulates that the variability in the dose-response relationship is caused by random variation in the number of virus particles and that there is constant host susceptibility. This reduces the problem to a physical one, that is, the dilutions of the virus concentration are viewed as samples of the original virus population present in the inoculum, and the objective of the assay becomes that of population estimation by sampling. The dilution method of estimating bacterial densities in water and milk without direct count, a method in use since 1915, is based on this principle. The MPN method was devised for estimation of numbers of viable bacteria by inoculation of broth cultures. This method is done by taking samples from the liquid, incubating each sample in a The estimation of density is based on the application of probability theory under the following assumptions: (i) the organisms must be distributed entirely at random in bulk suspension from which small samples are to be removed so that the distribution of numbers of organisms in replicate samples will be Poissonian; (ii) visible growth must occur in every sample containing one or more infectious units (the one-particle theory of infection).
Under these assumptions the probability of a sterile sample will be e-m, where m is the expected number of effective particles per unit volume of the undiluted suspension, and 1 -e-m will be the probability that the sample is fertile, that is, contains one or more effective particles.
The problem of estimating m, "most probable number," from dilution series has interested a number of biologists and statisticians. McCrady (11) found approximate solutions for the estimatation of m from dilution series and attached probability values to certain patterns of response, for example, + + --, + -+ -, where + denotes growth and -no growth, the successive results corresponding to increasing dilutions. Chang et al. (2) Haldane (9) worked out the standard error of m, mean number of particles, and was the first to emphasize that maximum information is provided by samples with an average density of 1.59 per unit. Cochran (4) reviewed the subject of "most probable number" and added his finding about the effect of the dilution factor on the standard error of m. Finney (6) developed a maximum likelihood method of estimation for m and the variance of m by using an equivalent deviate transformation. Peto (13) provided tables to aid in the computation of the maximum likelihood solution.
Fisher (7) proposed an approximate method of estimating m that is particularly suitable for data from quantal virus assays. The estimation is based on counting the total number of sterile plates (T), of the dilution series with n replicates at each dilution level. If m is the number of organisms per tube at the highest concentration, the value of m for which the expected average number of sterile plates is equal to the observed number is given by the Although the most accurate estimate of the number of organisms per tube at any given level is obtained by solving the equation of maximum likelihood, Fisher has shown that 87.7% of the information is contained in the total number of fertile or sterile plates or tubes, counted without regard to level. The average value of the variance of the mean fertile level is 1/n x (log 2)/(log a).
Fisher's equation, which yields an approximate estimate, has no closed-form solution. However, (Tables 2-5 ; an abbreviated set of tables appears in reference 16) , from which the number of organisms can be estimated by Fisher's equation by reading directly from the tables when T/n, the number of sterile plates divided by the number of replicates; a, the dilution factor; and s, the number of levels, are known.
Included are tables for twofold dilutions at 6, 8, 10, 12, 14, and 20 levels, for fourfold dilutions at 6, 8, 10, and 12 levels; and for tenfold dilutions at 4, 6, 8, and 10 levels, for values of T/n ranging from 0.4 to 5.0. Tables for fivefold dilutions, which were not among Fisher and Yates' tables, for 6, 8, 10, and 12 levels, are also included. Our tables were prepared by an iterative procedure using an IBM computer. Estimates of m are rounded to the nearest tenth in Tables 2 to 5 (except for tenfold dilution, ten levels, where estimates are rounded to the nearest integer), although computations were carried out with double precision to eight decimal places.
We have also written a computer program to give the maximum likelihood estimate of the number of organisms and the variance of this estimate directly from the maximum likelihood equations (see Appendix).
USE OF TABLES AND COMPARISON
WITH OTHER METHODS We shall illustrate the use of our tables by considering the data given by Fisher and Yates (8) for demonstrating their method.
Tests with potato flour containing rope spores (B. mesentericus) gave the following observations using five tubes each of 1 ml of dilutions 4, 2, 1 ... 1/128 g/100 ml (E. C.
Barton-Wright's data) (dilution in grams per 100 ml followed by number fertile): 4, 5; 2, 5; aT/n is the total number of sterile tubes of the dilution series divided by the number of replicates for each level. Table 6 . Tables 2-5 which we have prepared can be readily extended to additional dilution levels and values of T/n by using the program we have developed. The tables are applicable to complete dilution series, that is, where the proportion of sterile sample ranges from 0 to 1 including both points if the data fit the Poissonian model, (12, 14) . Consider a single organism. The probability that it lies in the sample is the ratio of the volume of the sample to the volume of the liquid, v/V. The probability that it is not in the sample is 1 -v/V. By the multiplication theorem, the probability that none of the b organisms is in the sample is p = (1 -v/V)b. When v/V is small, p is approximated by p -evb/v. Since b/V is the density, A, of organisms per ml, we have p = e-vu, where p is the probability that the sample is sterile. If n samples are taken each of volume v and if s of these samples are found sterile, the proportion of sterile samples is an estimate of p, and hence we obtain an estimate, m, of the density g by s/n = e-vm.
If p is the probability that a sample is sterile, the probability that s out of n samples are sterile is given as where k is the number of dilution levels. (1) (2) By the usual maximum likelihood procedures, letting Ai = m, m is obtained by setting equation 1 equal to zero and solving for Ai and the variance by solving equation 2. A computer program for the IBM model 7094 computer using an iterative procedure was written to obtain direct solutions for equations 1 and 2.
